The effects of wavefront distortions induced by acoustic heterogeneities in breast thermoacoustic tomography (TAT) are studied. First, amplitude distortions are shown to be insignificant for different scales of acoustic heterogeneities. Next, the effects of phase distortions (errors in time-of-flight) in our numerical studies are investigated, and the spreads of point sources and boundaries caused by the phase distortions are studied. After that, a demonstration showing that the blurring of images can be compensated for by using the distribution of acoustic velocity in the tissues in the reconstructions is presented. Last, the differences in the effects of acoustic heterogeneity and the generation of speckles in breast TAT and breast ultrasound imaging are discussed.
INTRODUCTION
When an electromagnetic pulse is absorbed by biological tissue, the heating and subsequent expansion causes the emission of acoustic signals. This phenomenon is called the thermoacoustic effect. In thermoacoustic tomography (TAT), the thermoacoustic signals from a tissue sample are collected to map the distribution of the radiation absorption within the sample. Radiation absorption is closely related to the physiological and pathological status of the tissue. For example, the microwave absorption rate of cancerous breast tissue is 2-5 times greater than that of the surrounding normal breast tissue. This difference has been attributed to an increase in the amount of bound water and sodium within malignant cells. 1-3. TAT combines good imaging resolution with high imaging contrast. There are a variety of reconstruction algorithms for TAT. [4] [5] [6] [7] [8] [9] An important assumption in these reconstruction algorithms is that the tissue is acoustically homogeneous. For many medical imaging applications, including imaging of the female breast, this assumption is an approximation. For example, the speed of sound in the breast can vary from 1400 m/s to 1550 m/s. Errors due to the assumption of a constant acoustic speed, which has never been studied in TAT, can potentially have a pronounced effect on image quality. In breast ultrasound tomography (UT), however, wavefront distortion has been studied extensively [10] [11] [12] [13] . Amplitude distortion caused by refraction dominates the phase distortion induced by acoustic speed variation in the breast UT 11 . Refraction occurs where there is a speed mismatch across a tissue interface. Because of refraction, rays from a single source can reach the same receiver by different paths, as shown in Fig. 1 . The interference between these rays causes strong amplitude distortion in breast UT. Different deaberration methods have been proposed to compensate for phase distortion in UT. 14, 15 However, they have so far been inadequate to correct the strong amplitude distortion caused by refraction. 16 The effects of acoustic heterogeneity on breast TAT are estimated to be weaker than those in breast UT for the following reasons. First, the signals in breast TAT are primarily in a lower frequency range (usually below 1.5 MHz 17 ) than those in UT. Ultrasound scattering in this frequency range is weak. Secondly, in TAT, the acoustic source is induced by electromagnetic absorption; therefore, only one-way distortion on reception wave propagation occurs. As shown in Fig. 2 , an acoustic ray, for example SB 1 D, needs to pass through interface Σ only once. In contrast, in pure ultrasound imaging, either in the pulse-echo mode or in the transmission mode, ultrasound distortion includes two parts--distortion during transmission and during reception wave propagation. Therefore, the acoustic wave has to pass through the interface at least twice, as shown in SB 2 B 1 D in Fig. 1 . Third, if the detection distance from the objects are properly chosen, the effects of amplitude distortion can be minimized in breast TAT, as will be explained in Section 3.
In our work, we analyze the effects of amplitude distortion and numerically simulate the effects of phase distortion with the truncated conjugate gradient 18 (TCG) method. In Section 2, we derive equations for the forward problem in an acoustically homogeneous model, which yields acoustic pressure from a known distribution of microwave absorption. In Section 3, we investigate the effects of refraction on wavefront amplitude and phase in breast TAT. The inversion algorithm of TCG, and the model and parameters used in the numerical simulations, are presented in Section 4. In Section 5, the effects of phase distortion are studied numerically.
THE FORWARD PROBLEM IN A HOMOGENEOUS MODEL
We begin by deriving a formula for the forward problem for an acoustically homogeneous model, and then modify it, at the end of Section 3, to consider velocity heterogeneity. In the case of thermal confinement, the acoustic wave at point r and time t, ) , ( 1 t p r can be expressed as follows 19 : 
is the time-of-flight (TOF) from r′ to r 0 s v is the acoustic speed; C is the specific heat; β is the coefficient of the volume thermal expansion; 0 I is a scaling factor proportional to the incident radiation intensity; and ) (r′ ϕ describes the to-be-reconstructed microwave absorption properties of the medium at r′ . The physical meaning of this equation is that, in an acoustically homogenous medium, the pressure 1 p , at a spatial point r and time t, is proportional to the first- 
THE EFFECT OF ACOUSTIC HETEROGENEITY IN TAT
A TAT model is shown in Fig. 2 . In our imaging system, mineral oil is chosen as the coupling medium for both microwaves and ultrasonic waves. The acoustic speed of light in mineral oil is 1437 m/s 20 , which is very close to that in fat. 23 Therefore, there should be negligible refraction at the boundary between the breast and the mineral oil, and, consequently, we will consider only the effects of acoustical heterogeneity within the breast. More details on our TAT experimental setup can be found in our previous work 8 .
Amplitude distortion caused by refraction
Fig . 1 shows the multipath interference in breast ultrasound imaging in transmission mode. The acoustic ray from source S can travel to detector D by two different paths, SD and SB 2 B 1 D, due to refraction at the interfaces between different tissues. The interference between the two rays can cause amplitude distortion, 11 but it is not severe in breast TAT 19 . Basically, the phenomenon can be explained as follows. For wavelength-scale or smaller heterogeneities, amplitude distortion of the wavefronts is minor due to diffraction when the detectors are placed in the far field of the irregular boundary segment. When the size of the concave segment is larger, or the boundary segment is convex, according to the imaging formula of concave boundaries, only imaginary images exist after the wavefronts from real objects pass through the concave boundary. Equivalently, no two rays from a point source will intersect with each other after passing through the concave boundary segment and no strong amplitude distortion occurs.
Phase distortion caused by refraction and speed variation
If the background is acoustically homogeneous, an acoustic ray from source S in Fig. 2 goes along the straight line SD to reach detector D. When there is acoustic heterogeneity, an acoustic ray goes along line SB 1 D because of refraction at the interface. Assume there is no change in the shape of the acoustic pulse caused by acoustic heterogeneity. The TOF from source S to detector D in the acoustically heterogeneous model is 
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The above result can be understood in the following way. Although the path length of SB 1 D in Fig. 2 is longer than that of SD and
, path SD has a longer part within the slow-speed area than path SB 1 D. The combination of the two opposite effects leads to the cancellation of the first-order term of ε in Eq. (6).
Next we will show that the approximation of 
where we used Eq. (6). Combining t δ with Eq. (6), we have ) (
Therefore, the error in the approximation of
by SD t is not important. At last, it should be pointed out that our analysis of TOF can be applied to both 2-D and 3-D TAT.
Forward formula in an acoustically heterogeneous model
In our analysis of TOF, we consider only a single interface. The results can be extended to the case involving several interfaces. In general, the TOF from r to r′ can be expressed as
where ) , ( r r′ L is the straight line from r′ to r , and r ′ ′ lies within the line L. Combining Eq. (9) and Eq. (1), we obtain the forward formula for acoustically heterogeneous TAT. Our analysis of TOF is in agreement with the results from a more rigid model 21 . It has been reported that the variation in travel time caused directly by acoustic speed heterogeneity is a first-order perturbation and that the effect of ray bending on travel time is a second-order one. For breast tissue, which is weakly acoustically heterogeneous, it is enough to consider the first-order perturbation by computing the integral of the slowness perturbation along straight lines, as shown in Eq. (9). Fig. 3 (a) and (b) illustrate the acoustic and RF absorption models of the breast, respectively. The acoustic model of the breast in our simulations is based on experimental results of the distribution of acoustic speed in the breast [22] [23] . The mean velocity in the subcutaneous zone f v and the breast parenchyma p v are set to be 1437 m/s 23 and 1546 m/s, respectively. A random component, which is a normal distribution with a mean of zero and a variance of 33 m/s, is added to the velocity distribution to simulate the velocity fluctuations in the subcutaneous zone 22 and the breast parenchyma. The speed distribution in Fig. 3 was normalized to 1437 m/s. The RF absorption model of the breast is shown in Fig. 3(b) . The RF absorption coefficients in the fat, tumors, and coupling oil are set to be 0.1, 3, and 0 after being normalized to that in the parenchyma. The tumors, shown in 3(b) as dark spots, are placed evenly along the horizontal direction to study the dependence of the distortions in the images based on the tumor locations. We set the radii of the four tumors to about 1.2 mm to simulate approximately the point-source spread caused by acoustic heterogeneity.
IMPLEMENTATION AND MODELING OF NUMERICAL SIMULATIONS
The parameters in our simulations are chosen as follows unless stated otherwise. Noise is added to the generated signals so that the frequency range with a signal-to-noise ratio (SNR) larger than unity is from 0 to 1.5 MHz, which approximates our experimental results 17 . The radius of the circle of detection is set to be 125 mm; the angle range of detection is π 2 with 200 steps. An insufficient number of scanning steps can cause radial aliases in the reconstructed image 9 . Thermoacoustic signals are sampled for 108 µs at a sampling rate of about 7 MHz, which is sufficient to meet the Nyquist criteria. The 100 mm by 100 mm imaging field is mapped with a 128 by 128 mesh. In our simulations, the thermoacoustic signals are generated in an acoustically inhomogeneous model, while the reconstruction is implemented for two cases--with and without the consideration of acoustic heterogeneity. 
NUMERICAL RESULTS
We first study the effect of acoustic heterogeneity on imaging when acoustic heterogeneity is considered in the forward problem but not in the reconstruction. In the reconstruction, ) (r Fig. 4(a)-(d) shows the results when acoustic heterogeneity is not considered in the reconstructions. In the four simulations, the mean radii of the parenchyma wall p r are set to be 0.8, 0.6, 0.4 and 0.2 of the breast radius. The wall is distorted randomly in the simulations, and the distortion amplitude is 0.1. We measure the point-spread width (PSW), which is the width of the image of a point source along a specific direction minus its real size, 2.4 mm, and the boundary spread width (BSW), which is the width of the blurred parenchyma wall Σ in an image. It is clear from Fig. 4 that PSW and BSW increase with the radius of the parenchyma wall. It is found that the two widths can be estimated by the following equation:
Reconstruction without considering heterogeneity
where p l is p r 2 in the case of BSW; in the case of PSW, p l is the length of a ray within the parenchyma tissue along a specific direction. The PSW is anisotropic because p l depends on direction. This anisotropy of PSW can be verified by the observation that the three tumors within the parenchyma tissue in Fig. 4 (a) and (b) have the same spread along the horizontal direction, while their spreads along the vertical direction decrease when the tumors are located away from the center.
Another interesting point in Fig. 4 is that the PSW of the objects outside the parenchyma tissue are little affected by acoustic heterogeneity. Only minor artifacts are observed near them. This is because in TAT, aπ -or wider view can provide complete data for reconstruction 24 . In this case, a view means the angle subtended by the detection curve when observed from the to-be-imaged object. If an object is outside the parenchyma tissue, it has at least a π -view detection range in which the medium between the object and the detectors is acoustically homogeneous. Therefore, a perfect image can be reconstructed from this part of the data. On the other hand, the image reconstructed from the part of the signals that experience the heterogeneous medium is weak in amplitude because the flight-time errors compromise the build-up strength of the signals.
In addition to the blurring of the images, acoustic heterogeneity increases the background noise level and decreases the values of the reconstructed tumors, which consequently reduces the contrast of the tumors in the images and the detectability of small tumors. A comprehensive quantitative study of this issue will depend on the SNR of the hardware of the imaging system, the parameters of the imaging system and the reconstruction algorithms, and the contrast of the to-be-imaged objects. Meaningful conclusions should be made based on relevant experimental data which we leave for a future study. Fig. 5 and Fig. 6 show the reconstructed images with consideration of heterogeneity and the corresponding close-up images around the central tumor in Fig. 5 . The exact distribution of acoustic velocity is included in the model in Fig.  5(a) . Although the result is good, it is not practical, because it is not feasible to obtain the exact distribution of velocity in the breast with current technology. A much more practical situation is when the mean velocities, f v , p v , and boundary profile Σ are approximately known while the velocity fluctuation within each area is unknown. Here, we will show the effectiveness of our compensation method. Fig. 5 (b)-(f) shows the images reconstructed from the same data as in Fig. 5  (a) , but the reconstruction algorithm used only f v , p v and Σ to study the effects of the measurement errors in f v , p v and Σ on the improvement. In Fig. 5 (b)-(f) , the random component of the acoustic-velocity distribution is ignored. In addition, p v is decreased by 1% and 3% in Fig. 5 (c) and (d), respectively; Σ is scaled down by 10% in Fig. 5 (e) , and a 20% random error is introduced to Σ in Fig. 5 (f) . Fig. 6 
Reconstruction with the consideration of heterogeneity

Effect of errors in velocities
There is little difference between the resolution of the reconstructed images when we consider [ Fig. 6 (a) ] and do not consider [ Fig. 6 (b) ], the random component of velocity distribution, although the artifacts in the background in Fig. 6 (b) are a little stronger than those in Fig. 6 (a) . Comparing Fig. 6 (c)-(d) with Fig. 6 (b 
Effects of errors in determining Σ Σ Σ Σ
In the model in Fig. 6 (e) , the boundary Σ is scaled down by 10%. In Fig. 6 (f), a random component is added to the real boundary, which is implemented by multiplying the real radii of a boundary with uniform random numbers within [0.8,1.2]. After comparing Fig. 6 (e) and (f) with other figures in Fig. 6 , it is found that compensation is less sensitive to error in determining Σ as p v . This is because a 10% error, which is about 6 mm in the diameter of the parenchyma wall, adds at most 0.42 mm to the PSW and BSW according to Eq. (10).
DISCUSSION
The studies we presented in Section 3 show that there should be no severe amplitude distortion in breast TAT although severe amplitude distortion caused by refraction has been observed in both narrowband and broadband breast UT 11 . The difference between the effects of acoustic heterogeneity on TAT and UT can be explained by the different central frequencies. In UT, the central frequency is above 3 MHz, while in TAT, the central frequency is below 1 MHz. The higher frequency in UT results in stronger wavefront distortion for the following reasons. First, the scattering effect increases rapidly with frequency; and secondly, the minimum detection distance for avoiding strong amplitude distortion caused by an acoustic lens, which can be a boundary segment or a small inclusion, extends farther with increasing frequency. We notice that the transducer or array was placed closer than the required distance to the breast 11, 12 . Therefore, it is not surprising to observe the strong interference effect in UT.
Another important difference between TAT and UT is that there is no speckle in our TAT images 7 . Speckle is an important factor limiting the quality of pure ultrasonic imaging. In our technology, the detected signals are primary acoustic waves, rather than reflective or scattered waves as in UT. Further, the temporal frequency of the acoustic signals lies in a range from 0 to 1.5 MHz, which is only weakly scattered in the tissues. However, the issue of image speckle in more realistic medical imaging applications is a topic for future consideration.
CONCLUSIONS
The effects of acoustic heterogeneity on TAT in the breast are studied. Our analysis shows that the amplitude distortion in breast TAT is minor. The amplitude distortion is not severe in breast TAT, because the TAT signals are broadband, have low central frequency, and experience only one-way transmission through the parenchyma wall. Therefore, we consider only phase distortion in our numerical studies. The numerical results on the spread of point sources and boundaries caused by the phase distortion are in good agreement with the predictions of the proposed formula. It is shown that phase distortion can be compensated for when complete or partial information on the distribution of acoustic velocity in the breast is included in the reconstruction. It is discovered that improvement in the results is more sensitive to measurement error in f v , p v than in Σ . The differences between breast TAT and breast ultrasound imaging in relation to the effects of acoustic heterogeneity and speckles are accounted for by differences between them in their central ultrasound frequencies and detection configurations.
